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TORSION OF ELASTIC BODIES BOUNDED BY COORDINATE SURFACES OF TOROIDAL AND
SPHERICAL COORDINATE SYSTEMS

V.S. PROTSENKO, A.I. SOLOV'YEV and V.V. TSYMBALYUK

On the basis of relationships between particular solutions of the torsion
equation in toroidal and spherical coordinates, the Fourier method is
applied to the solution of torsion contact problems for elastic bodies
bounded by coordinate surfaces of toroidal and spherical coordinate systems.

1. Let a B. ¢; @, 0, ¢; 1,0, @; p, 2, ¢ Dbe toroidal, spherical, and cylindrical coordinates
defined by the formulas /1-3/

z=ahg?shacosq, y=ahgshasing, z=ahg™sinf
z=ahs*shacosg, y=ahs3shasing, z=ahks3sino
z=rsinOcosq, y=rsinOsing, z=rcos

z=pcos, y=psing,2=2z2@>0,0a,p roo,
—o<z< oo, —a<p oCa, 0 o<<22n, 0O,

=Vcha +cosP. hs=)cha — cosa)

The single displacement component different from zero u = up in problems of the pure
torsion of elastic bodies of revolution satisfies the Eq. (1, 2, 4)

*u i 6u 0%
wteom T wm=0 (1.1)

Relationships between the particular solutions of (l.1) in spherical and toroidal
coordinates results directly from the following equalities connecting the particular solutions
of the Laplace equation in these coordinates (the factor cosm@p or sinmg is omitted on both
sides of each equality)
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Pg:zumﬂ (cos e)

hUPTx/EH-T(ch a)sh to = Z Dgﬁ)mﬂ (v) (_;z__)zmmu
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R (@>0)
hePyy, (cha)cos no = :\Zl B m, u (%)2“"‘+1 P (cos8)
h==0
koPy-y, (ch a)isinno = i béﬁmu, n (—:-)2“””2 PG ma (cos 0)
>
hoPrty, (ch o) cos no = (— 1) ; B (_;_)zkm D (0056)

hoPrey, (ch a)isin no =
0
{(m) r \2k+m+1
(— 1)y 2 baiimar, n (-a—) 2+me1 (C0S 6)
k=0

O<r<a)
Here
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e () = @m)l E: * :;I = F (s it +m,m—

n; 2m + 1; 2)
— )M k-mom+'s pa i .

DI (v) = )(Zlm)! ¥ tlt'i::i';; Flfo+it4+mm—k
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F(a, —n;c;2)= é—(’)li 2z

T'(m+4a

— )
@ =" — =a(@+1)...(@+m—1)
P,™ () are the associated Legendre polynomials, Py™ (z), Qy" (2) are associated Legendre functions
of the first and second kind, m — <0 m — k<< 0;k,m,s=10,1,2,...; F (s, —n; ¢; 3) is the
hypergeometric polynomial in z, and (a), is the Pochhammer symbol /3, 5/.
The functions T (Y3 + it + m)/T (MYy+ it — m), C,™ (v), Dp™ (1) are real for real values of 7=

where

TChtindm _ TCh—itdm) —oomi oy

T+ it—m) Tg—it—m) ' "

(= 1p-mCi (3), DI (— 1) = (— 4~"Di™ (v)

The equalities (1.2) are obtained by solving special boundary value problems for the
Laplace equation by the method described in /6/. For m =1 they enable us to investigate a
number of torsion problems of a) a sphere 0<r<{ R with a cavity B, <<p<B:(B1<<O, B> 0)
b) a body B < B < B2 (B, <0, ps>0)with a spherical cavity 0 r<C R; ¢) asphere 0 rR
with a toroidal cavity a > a,>0; d) a space with two cavities, one of which is bounded by
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a sphere r= R and the other by the surface of a torus a = ag, and certain other bodies
bounded by coordinate surfaces of toroidal and spherical coordinate systems.

2. We will examine the problem of the equilibrium of 1) a truncated sphere 0<pB <B,
(0 << P < m) with a hemispherical depression 0<r<C R, 00 < n/2 clamped along the surface
B =P, and twisted by a rigid stamp coupled to the surface 7r =R, 0< 0 n/2; 2) a hemisphere
0LKr<R, 00 /2 with a segmental depression 0B <Py (0<Py<<n) clamped along the
surface r= R, 0<{ 8 {n/2 and twisted by a rigid stamp coupled to the surface B= Bo: 3)
a hemisphere 0 <{r<CR, 0O n/2 with the toroidal depression O<g,Ka<<ow, 0o
clamped along the surface r =R, 00 /2 and twisted by a rigid stamp coupled to the surface
of a torus along the section @ = a, 0o m

The following boundary conditions correspond to these problems

1) ulpp =0 uhn=ep, G| _ =0 (R<p<)
=0 @<p<R)

u
2) U)omg, ==8p, U frer= 0, T3z lz=g

&
3) #lu=g, =80, uh=r=0, 6_:z=o—

(0<p<ath-a2—°, acth%"-<p<R)

{¢ is the angle of stamp rotation).
We represent the general sclution of problem 1) as the sum of two components

1= hy S A(T)ch 1BPYy i (cher) dr + 2 1@9,,(-{‘-)2"*2 Phasa (c0s8)
[ n=g

each of which identically satisfies the condition
(0u ] 02} |sg = O (R<<p < @)

Using the equalities
c=a—BOPp<Ca) p=—rP(cos8)
1 \ (1) 7N
RgPlyic(ch @) ch1h = Z DB, (x) (T) Pl (cos8) (0<r <a)
n=g

({-)‘"*’ Ple1 (¢086) = kg S ®,1 (v) Prowic(cha)ch todt (o] < m)

0

and satisfying the remaining conditions of 1), we arrive at the relationships

By=—rrn{ 4@DP(dr+ Fr (n=0,1,2,....)
4]
‘cht Po
F,= —eR, Fo,=0(m=1,2,....) (A= Rla<1,
0<§o<ﬂ)

Eliminating the function 4 {x) and setting

Ay =—-BTE—Bo) Z BamaCl, (1)
k=0

B. = (- 1)**1gR
Y EDEa+2)

we obtain an infinite system of linear algebraic equations to determine the unknown coefficients

b,
(2.1)

bn"—" 2 cnk(xv 50)bk +fn (n=0v 1- 29 ~-°-)
¥=0

Cnx (Ms Bo) == Cxn (b Bo) = )
2aweakas [(2 - 1) (20 + 2) (2K + 1) (2k + 2)] v (Bo)

o (Bo) = § LA IOALEB) o (2m, s 413 3 2) x

: ch1fio ch tx
F(— 2k, 3)s+iv; 3; 2)dx
fo=V2_. fo=0 (n=1,2,...), A=Rfa, 0<Pn
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For 0<CA<<8 = min (1, tg B¢/2) the inequality

; & (A, Bo) < o0 2.2)

holds.

Setting

- 2y, ShE{E—Bo) i 3
(1 ‘{' {a) ch Tﬁo ¢h 'm"F — 2m, 3y +iT; 3; 2)
(m—O

and taking account of the inequality
o s T o
(S ¥, (1) ¥y (%) dr) <S ¥,2 (1) d-rs brmdr (n,k=0,1,2,....)
0 0 0

we have the following estimates (ymm (Bo) > 0, cmm (A, o) >0}

V2 (Bo) < Yy (Bo) Py (Bo), 0,2.,;; (A, Bo} < €, (A, Bo) €5y (A, o)
Therefore, to prove inequality (2.2), it is sufficient to see that

)

D gy (b o) oo (0KALD) 2.3)
k=0
By using the formulas /5/
hod n
(—1)"T(n—p) SF(—n, b —p;2) F(—n,Bi—pi L) = 2.4)

nl T (— p)

" zLs
(Hs)”*"*”(i+s—sz>“’(1+:—::)‘°l’[b,a:—p;— (,+,_s,§u+,_,§)]

(for p= —3,z= (=2, b=3%,+ i, =3, — i1, s= +A?, 0 <A< 1) we represent the left-hand side of
inequality (2.3) as the sum of two components

S exy Ay Bo) = &1 (A, Bo) + 2 (A, fo)
F=o

2w ¢ (@4 Y)eht(n— s
a ﬁ°)=[(1+x’)*s +ch/‘1)ﬁ°och(:," B°)><F[’/z+ir,“/z—i1;3;m.—}th

0
7 13 -1/} ch —_ 4A2

g2 (M Bo) = l’)“ S s +c{1‘)1;o :h(f:m B« p [s/2 i, % — i 3 — :l dr
L]

Using the equality /5/

T'v—m+1)ml Pv'"(z)=(—2)‘"‘r(vg+m+1)(1-11)"'/”F(v+m+1,m—v;1+m;1/.—%) (2.5)

2
(for v=_1/,+n,m=1,z=1-—( ?:7.’)’ ,-—-1<z<1) and the obvious estimate

4A3 . 4)3
0 F [3/2 + i, 32 — iT; 35 Ty :I <F [3/2+ it, 33— i1; 2} TIp ]

we will have (8= 4arcigh, 0 <A LS, 0P

A2 e h —_
0< 810 B0) <Tgs | oh e Phoyese (00880 de < 0
Setting y=1, a=1%3+it, =13y —it, L = —4M (1 — A9 in the Gauss recursion formula /5-7/
N
YO+ DIF (@ B v ) —Fa B v+ 1 Dl—oaflF(@+1, p+ 15 (2.6)
Yy+2 =0

and ve= —Y,+4it, z=1— 2%, m= 04 in the inequality /3/

T (vt m1) (@ — Y™
RO =T =m D T

(Iarg(z—i_:i)|<n.m—0,1,2,....)

F(m—v,m+v+1;m+1; 1;2)
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and also taking account of the functional relationship /3/
Fla,inl=t—V"PFa—ay—Bwl (lagit—{|<n) @n
we represent the quantity g (A, ;) in the form O < <R

1 Tehr(n—
pahp=—gon i (SRR [p o ohao +
0

th 2
%p}_’/ﬁ“ (chao)] dt (@e=4arthA, 0A <)

It follows from this equality and the asymptotic behaviour of the function PT, . (chag)
as T—o0 that |[g@, B)j<o <A<}
Consequently, for 0 <A< 0 we have

D Cux o Bo) < g1 (A, Bo) + 1 82 (A, o} | L 00

k=0
It follows from ineguality (2.2) and the fact that {f,},* Dbelongs to the Hilbert space

of number sequences I, that for almost all values A& (0, 8) a solution of the infinite system
(2.1) exists in [, is unicque, and can be found by the method of reduction /8, 9/. The
constraint (< k<8 on the possible values of the parameter A is related in a natural way
to the formulation of the problem under consideration and means that the hemisphere r= R,
0L 0 n/2 lies entirely in the domain 0< B < f,.

The contact stresses 1, =G @u/0r—u/r) r =R, 0 < By n) aswell as the relationship
between the torque M applied to the stamp and the angle g are determined directly in terms
of the solution of the infinite system (2.1)

GV 4y __Myz
wlma_Ga; ey nPhun (00s8), 0= — ol

We analyse problem 1) further for the limit case fi, ==&, which corresponds to torsion
of the half-space z>»> 0 with the hemispherical depression 0Lr<{ R, 08 < a/2 undexr the
boundary conditions

#|r—p=¢eRsind (0<e <-;-‘-), 2

(R<p<a), ulmo=0 (p>a)

=0

20

Using the estimate
|FCh+iv, — 263 )I< mroaaTn
resulting from the integral representation
1

R
o

and the inequality

1
SV':'VT:TU-W)“"‘”%%T) (k=0,1,2,...))

it can be seen that for n=0,4,2,...

o

2
;I%(’%ﬂ)l<1—m (o=1—h 0<i<he=2)

This inequality and the fact that the sequence {f )}, belongs to the space I, assures

single-valued solvability of the infinite system {(2.1) in l; for B, ==, O0<<A <A, and the
applicability of the method of successive approximations /8, 9/.
Limiting ourselves to terms of order )}? inclusive in the solution of the infinite system
(2.1), we will have
bo = fo [1 + dooh® + dgg®A® + doo®A® 4 O (A19)] (2.8)
by = fodioh® [1 + dogh® + O (A)], by = fodyod? [1 + O (W]



318

by = fodgoh? [1 4 O (A3)], b, = O (A43) (n =4, 5,....)
4 4V 6 415 8V 7T 5
dop =5, o= 1]5; y = gén y dypo= T{;‘ y To=V'2

We express the shear stresses 7T = G (0u/02)(z = 0, p > a) directly in terms of the solution
of the infinite system {2.1) and we investigate their behaviour as p— a.
Taking account of the equality

aPL. . (cos®)
2k +1 _ o p _ cha=1
e b= w0 (6="0, p>a)

we find

Tap oo, o3 = — - (chos — 1) S T4 (1) sh T Py e (ch o) dv

o,

Now using the relationships

- 1 2: akaz(D) (—1)"*1eR
A== g 2, BMCRa() Br= oy
b
hor Pl (eh o) = — —[Qy, iz (ch @) — Qyuic(ch )]

and ‘applying the residue theorem to evaluate the integral

oo

Ry(@) = —i S Tt =% oL, we(cha)de

—c0

we obtain the following formula to determine the shear stresses on the clamped part z=0,p>a
of the boundary of the body under consideration

Tap =0, p>a = {2.9)

—VZ Go(cha— 1y Z V @F 1) @F T 2) M35, Ry (@)

Ry (@)= Z (— )™ (@m 1) F (1 —m, — 2k; 3; 2) Qi (ch @) X

m=0

(cha= £E2)

As p—a (¢x— o) these stresses have an integrable singularity of the form (p? — a?)™"a

26 N1/ %2
Tag [s=0, p>a OO n—l/.—p_‘?_sT_a—l— Z V'Z_k——i+——{- A¥3hy  (p—>a)
=

Limiting ourselves to terms of the order of A’ inclusive in (2.9) and using the asymptotic
solution (2.8) of the infinite system (2.1) forf, = =, we find

Tz le=0, p>a = GS( ) VP’ [Ka -+ -‘% AS ——7\.9 -4 0(7\."2)]

The equality

[

D= Em+ Ot ha) = — 2 (@>0)

m=0

resulting from the Heine formula /5/

(Q—Z)'1=mzo(2m+ DPu(mQn@) (z+VZ2—1|<IE+VE—T)

is used to obtain this result.
Let us note again the case B, = mn/2 corresponding to the problem of the torsion of a
hollow hemisphere R <(r La 00 n/2 by a circular stamp with hemispherical base 0 <{r <R,
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00 n/2. It can be seen that in this case

cﬂk=0 (n#k)y Cpp == AEPHE (n’ k=0, 13 2,.. ')
and, therefore, problem 1) has a ¢losed solution for B, =n/2

3y 2 5 aR3 1
bo=u:—‘R3, bn=0(ﬂ=1,2,....), A(T)zzvzﬁm
R3¢ (a8 — %) .
u=—r—,—?a(-:—'-:7i,—3—))—smﬂ (R<r<a, R<a, 008 n/2)

We represent the general solution of problem 2) as the sum of two components

w=hg S A (%) Py pir (ch @) chTo dT +- 2 B,,({,,)"‘*‘ Phns (cos )
n=0

2

each of which satisfies the condition (fu/8z)},—0 =0 {a<p<CR) identically.
Using the equalities

P=nt—oc(0<Lo<n), &plomo,=

— 2aehy S W Pl (cha)dy
¢

r

hoPlyic(cha)ehto= Z D§Yq () ( 2 )ZW'2 Pinia(cos8) (r>a)
=0

(L) Pl (cos8) =g § €Ol (1) Py (ch @) cheBae ((B|< )
8

satisfying the remaining conditions of 2), and setting

B. — (—1)"48
" Y@t D@Esfy

we obtain, after some reduction, an infinite system of linear algebraic equations (A = Rl/a<Z
1, 0<< oo m)

o

bn'—"—"' 2 cﬂh(;‘" Go)bk+.fn(7"v 00) (n=09 li 21 . -) (2.10)

k=0
Cak (by G0) = Cm (hy Op) = 20373533 [(2n 4 4)(2n + 2) X
2k + 1) (2% 4 2)]'/19ax (00)

¢ @+)chein— .
Prk (Ua)zg e +c£‘i§0,,;(; %) F(—2n, ¥s+i% 3 2) X

[
F(—2k, 3s+it; 3; 2)dr
Fn (M Ooy==4 V¥ (2n + 1) (2n + 2)A2v* 29,4 (00)

Because the matrices || es (A, 0o){] and |l cni (A, Po)il agree, apart from the notation of the
parameters therein, and the sequence {f, (A, 0,)} 1is an element of the spaces Il; and [, the
infinite system (2.10) possesses the same properties as the infinite system (2.1). It is
merely necessary to replace the parameters R,a, B, by a, R, 6, respectively, in the formulation
of the properties for the latter. We note that in the problems considered there is a complete
analogy even for the investigation of the shear stresses.

We will represent the general solution of problem 3) as the sum of two components

u=hg Z H. P} s (cha)cosno 4 2 Gy (—%)zkﬂl’&ﬂ {cos 8).
ne=g k=0

each of which satisfies the condition (Ju/dz),—e = 0
identically.

Using the equalities

0 < p<<ath (xy/2), acth (ay/2) < p < R)

p = ffif—ﬁ—h, [QL,, (cha)+2 2 Qh-y, (ch &) cos na]

naml

haPri-y, (ch @) cos no = 2 b1, n (f—)’kﬂPﬁm (cos8) (r >a)
=

r



(_::_ )2k+1p ar+1 (08 8) = R Z (— 1)"a$ker, nQh-, (ch &) cos NG
o ®
Qluo (ch o) = Qhoy, (ch )y aRh, -n =, n

satisfying the remaining conditions of 3), and setting

1 e
_ 2418]/2 2 1 2 1 )—1 Q,,,:/' (ch o)
Hy=— sgn(n T4 )[—(n T P _y, (chay) ko
£
we arrive at an infinite system of linear algebraic equations

hn=m§,pm(x, ) i+ gn(20) (=0, 1,2,...) 1)
Pom (b a) = —- V(%) ¥ @) 0o (V) (m=0, 1, 2,...)
Prm by ) = — ¥/ (00) Wi 0) i (1)
(m=0,1,2..,n=1,2...
mm(x)=k§‘, AWK (20 + 1) (2K -+ 2) F (3o —n, —2K5 35 2) X
=0
F(a—m, —2k; 3; 2)
90 (00) =V %o @)y gn(@)=2V Pl (n=14, 2,...)
_ 1\ Q_y, (chon) _a
‘Pk(ao)-——-(lﬁ’—T)W>0. =<l
Applying (2.4), and then the functional relationships /3/
Fla,Biypia=0—2vfF(y—a 7— B ¥ 2
Fa, B v Z)=(1—Z)*"F(a» y—B v 7—1-1-)
(larg (1 —2)|<m)

we will have an explicit expression for the quantities @nm () in terms of the hypergeometric
function

— n+m E [
“"""(7‘)=<i_-ﬁ')_’(‘i'+-;:_) F[’/a—l-n,.’/n‘i‘fm 3; Tm]%‘
M A4 M \aem N 1))
Tf‘.FW('{T;j‘) F[’/n—n. s+ m; 3 TTFA’T]

Therefore, the matrix elements of the infinite system (2.11) are also expressed in
explicit form.

For 0<< A <<th (@y/2)(@p > 0) the matrix || pam (A, a@g)|| satisfies the condition

S P (b o) < 0 @.12)
n, m=0

Actually, by setting

B (@) = MY TR D@+ D) F (h— 2 — 23 2)
in the Cauchy inequality
(JemEmPAS D g1 @) D) gt (m)
K=o k=0 k=0
we obtain the following estimates (pxx (A, o) > 0):

P?L,,. (A'v (lo) < pnn (Ar aﬂ) pm(;’l o) ("1 m= 01 11 21 .. ')
Therefore, to prove the inequality (2.12) it is sufficient to show that for 0<A<th (e/2)

S P Ay 20) L 00 (2.13)
n==1
By using (2.5)-(2.7) we have (8= 4arcigh)
N 4 A2 \ [ 1—23 \2n
3 pan 20 = S O e (TR X
n=1 n=1

& 4 . 8 VI Yal)
F[“/2+"”/a+"? 3;T-FF)T] +singT 2 T X
n=1
B P}y, (cos 6) 7
[P"_,/’ (cosBp) +4ctg 2 —Tni—_T‘—Jl
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It hence follows that the last series converges for all A& (0,1). Now using the inequality
(nz1, 0 <AL

43 403
F [’/a+n, “/n+n;3;m] <2F [‘/x+n, 2t n; 1;m7]

resulting from the definition of the hypergeometric series /3, 5/, the representation of the
Legendre function Py (z) in terms of the hypergeometric function /3, 5/

-V

2 ' z—1
PrO)=Ta—0 = &+ 1)V (s gy~ p (—- R T e )
and the relationship P_,, (z) = P, (s), we obtain the following estimate

41— A% \2n 4A38
(W) F [’/z+n.’/z+n; 3;m] <
2¢ch a;Pn_./’ (ch 2¢;) (oty =2 arth A)

Taking account of the asymptotic behaviour of the toroidal functions P:Lh(dlw,oﬁ#.wha)
this estimate indeed proves condition (2.13) for 0<<A<th(a/2) (0 <oy << ).

It follows from inequality (2.12) and the fact that {g, (a¢)}o® belongs to the space I,
that for almost all values of A< (0, th (@y/2)) the solution of the infinite system (2.1l)
exists in [, is unique, and can be found by the method of reduction.

We note that the problem of the torsion of a half-space z > 0 with hemispherical
O<L<r<<R 008 n/2) and torodial (0 < ay <K a<< oo, 0 0 n) depressions by stamps coupled
to the surfaces of these depressions also reduces to an infinite system of linear algebraic
equations with the matrices Il pam (A, @) |l (A = Rla).
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